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An example

• Given these data answer the following
– What proportion of individuals survive to age 

2? (l2)
– What proportion of 2 year olds die before 

reaching age 3? (q2) 
– What is the expected lifespan? (e0)
– How many total offspring are produced by the 

third year class? (f3)
– Is the population growing or shrinking? (R0)
– What is the generation time? (T)
– How large will the population be in 243 years? 

(r)
– How long before the population doubles? (r)

stage ax

0 1500

1 300
2 200
3 100

4 50
5 10

M x

0
2
3
6
2
1

An example

• What proportion of individuals survive to age 2? (l2)

– lx= ax/a0 = 200/1500 =13.3%

stage ax lx

0 1500 1.00
1 300 0.20
2 200 0.13
3 100 0.07
4 50 0.03
5 10 0.01

An example

– What proportion of 2 year olds die before reaching age 3? (q2) 

– qx= ax+1/ax = 100/200 =50%

stage ax lx dx qx

0 1500 1.00 0.80 0.80
1 300 0.20 0.07 0.33
2 200 0.13 0.07 0.50
3 100 0.07 0.03 0.50
4 50 0.03 0.03 0.80
5 10 0.01

An example

– What is the expected lifespan? (e0)
• Lx= (ax+ax+1)/2
• ex=Sum(Lx)/ax

• e0=(900+150+150+75+30)/1500 = 1405/1500 = 0.94

stage ax lx dx qx

0 1500 1.00 0.80 0.80
1 300 0.20 0.07 0.33
2 200 0.13 0.07 0.50
3 100 0.07 0.03 0.50
4 50 0.03 0.03 0.80
5 10 0.01

L x ex

900.00 0.94
250.00 1.68
150.00 1.28

75.00 1.05
30.00 0.60
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An example

– How many total offspring are produced by the third year class? 
(f3)

– fx= mx*ax

– f3=m3*a3 = 6*100 = 600

stage ax lx dx qx

0 1500 1.00 0.80 0.80
1 300 0.20 0.07 0.33
2 200 0.13 0.07 0.50
3 100 0.07 0.03 0.50
4 50 0.03 0.03 0.80
5 10 0.01

M x fx

0
2 600.00
3 600.00
6 600.00
2 100.00
1 10.00

An example

– Is the population growing or shrinking? (R0)

– R0=Sum(lxmx)
– R0=0+0.4+0.4+0.4+0.07+0.01 = 1.28

stage ax lx dx qx Log10ax Log10lx kx Mx fx lxmx xlxmx

0 1500 1.00 0.80 0.80 3.18 0.00 0.70 0 0.00
1 300 0.20 0.07 0.33 2.48 -0.70 0.17 2 600.00 0.40 0.40
2 200 0.13 0.07 0.50 2.30 -0.88 0.30 3 600.00 0.40 0.80
3 100 0.07 0.03 0.50 2.00 -1.18 0.29 6 600.00 0.40 1.20
4 50 0.03 0.03 0.80 1.70 -1.48 0.66 2 100.00 0.07 0.27
5 10 0.01 1.00 -2.18 1 10.00 0.01 0.03

An example

– What is the generation time? (T)

– T=sum(xlxmx)/sum(lxmx)
– T=2.7/1.27 = 2.12

stage ax lx dx qx Log10ax Log10lx kx Mx fx lxmx xlxmx

0 1500 1.00 0.80 0.80 3.18 0.00 0.70 0 0.00
1 300 0.20 0.07 0.33 2.48 -0.70 0.17 2 600.00 0.40 0.40
2 200 0.13 0.07 0.50 2.30 -0.88 0.30 3 600.00 0.40 0.80
3 100 0.07 0.03 0.50 2.00 -1.18 0.29 6 600.00 0.40 1.20
4 50 0.03 0.03 0.80 1.70 -1.48 0.66 2 100.00 0.07 0.27
5 10 0.01 1.00 -2.18 1 10.00 0.01 0.03

An example

– How large will the population be in 243 years? (r)

– r=lnR0/T
– r=ln(1.27)/2.12 = 0.114
– Nt=N0ert

– N243=1500 e114*243

– N243 = 1500 e27.07

– 8.56 x 1014

stage ax lx dx qx Log10ax Log10lx kx Mx fx lxmx xlxmx

0 1500 1.00 0.80 0.80 3.18 0.00 0.70 0 0.00
1 300 0.20 0.07 0.33 2.48 -0.70 0.17 2 600.00 0.40 0.40
2 200 0.13 0.07 0.50 2.30 -0.88 0.30 3 600.00 0.40 0.80
3 100 0.07 0.03 0.50 2.00 -1.18 0.29 6 600.00 0.40 1.20
4 50 0.03 0.03 0.80 1.70 -1.48 0.66 2 100.00 0.07 0.27
5 10 0.01 1.00 -2.18 1 10.00 0.01 0.03
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An example

– How long before the population doubles? (r)

– Double time = 0.69/r = 0.69/0.114 = 6.05 years

stage ax lx dx qx Log10ax Log10lx kx Mx fx lxmx xlxmx

0 1500 1.00 0.80 0.80 3.18 0.00 0.70 0 0.00
1 300 0.20 0.07 0.33 2.48 -0.70 0.17 2 600.00 0.40 0.40
2 200 0.13 0.07 0.50 2.30 -0.88 0.30 3 600.00 0.40 0.80
3 100 0.07 0.03 0.50 2.00 -1.18 0.29 6 600.00 0.40 1.20
4 50 0.03 0.03 0.80 1.70 -1.48 0.66 2 100.00 0.07 0.27
5 10 0.01 1.00 -2.18 1 10.00 0.01 0.03
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Population Projection Matrix

Where:
Px-probability of survival 
at age x
Gx-probability of growth 
to age x+1
Mx-fecundity at age x

Reproductive value

• R and r deal with populations, fitness acts on individuals…
• Reproductive value (Rv) = a composite measure of individual fitness
• Rv = sum of the current reproductive output and the residual reproductive output 

based on expected survival and fecundity schedules.
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Reproductive Value

• Combines survivorship 
and reproductive output 
into a fitness equivalent 
for age categories.

Trade-off – cost of reproduction

• Life history trade-offs –
negative relationships 
between the effects of two 
life history traits on fitness.

– Eg. growth and 
reproduction

• Cost of reproduction –
allocating energy to 
reproduction must 
ultimately decreases 
survivorship, not 
necessarily fitness

• Thus, spending more on 
reproduction now reduces 
your future reproductive 
value
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Trade-off - investment in individual offspring

• Few large offspring with greater individual fitness vs. many smaller 
offspring with lower individual fitness

• The evolution of life history strategies is largely determined by 
these trade-offs.

Evolutionary Trends in Life Histories

• Predation gradient:

– C – large predators targeting 
adults

– R – moderate sized predators 
targeting juveniles

– A – low overall predation on 
all size classes

• RA = reproductive allotment
• Bd. Interval – time between 

broods

Environmental correlates

• Low reproduction and high growth favored: 

– Intense competition -> largest (most competitive) individuals can 
monopolize limiting resource and maximize reproductive value

– Selective pressure against juveniles or small adults -> delayed 
reproduction to maximize growth increases reproductive value

• High reproduction and low growth favored:

– High density independent mortality -> reproduce as soon as 
possible

– Low competition, first come first serve -> reproduce as much as 
possible as soon as possible

– Selective pressure against larger individuals -> stay small longer 
to reproduce more
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Life history evolution

• Iteroparity (low reproduction, maximize growth) vs. semelparity (high 
reproduction, minimize growth) 

• R and K selection (MacArthur and Wilson 1967; Pianka 1970)

•r-selected
•Unpredictable environment
•Variable population size
•Low competitive ability
•Small body
•Rapid maturation
•Short life span
•Many, small young (high fecundity)
•Parental care rare
•Type III survivorship

•K-selected
•Predictable environment
•Stable population size (near K)
•High competitive ability
•Large body
•Slow maturation
•Long life span
•Few, large young (low fecundity)
•Parental care common
•Type I survivorship

Allometric and Phylogenetic Constraints

Density dependent vs. density independent

• Both negatively impact populations growth/size

• If the impact worsens with greater density it’s density dependent
– Disease
– Competition
– Famine

• If the impact does not vary with density it’s density independent

– Disturbance – fire, flood, etc.

Types of Competition

• Types of resources –

• Exploitative – Use a resource more efficiently before a competitor 
has a chance

• Interference – physically prevent a competitor from having access 
to a resource
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Why don’t we observe continuous exponential growth?

• Competition for limited resources

• Carrying capacity – the number of individuals of a species that can 
be supported by available resources in a habitat

Density dependent effects

Natural populations usually 
exhibit sigmoid growth curves.

Usually levels off at K (carrying 
capacity)

Implication is that mortality 
increases and birth rates 
decrease as you approach K.

Equilibrium: R=0 when 
births=deaths

Density dependence

• How does mortality (or reduced growth, reduced reproduction 
…etc.) change with density?
– 1. Undercompensate

– 3. Overcompensate
– 4. Exact compensation

Net Recruitment

• Low density – not 
enough adults to have 
highest possible 
recruitment, recruit 
mortality low

• High density – plenty of 
recruits, density 
dependent mortality 
results in low recruit 
success

• Recruitment maximized 
at intermediate densities 
– dome shaped 
distribution.
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Types of Competition

• Interference vs. exploitative

• Intraspecific vs. Interspeific

• Asymmetric vs. Symmetric

• Scramble vs. contest

Intraspecific competition

• Expected to be more 
severe than interspecific

• Can effect growth, 
survivorship, fecundity, etc.

• Expected to change as a 
function of density (density 
dependent effects)

• Relationship between 
density and the effects of 
intraspecific competition 
not expected to be linear.
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Quantifying Intraspecific Competition

• Recall K values – killing power

• k = log(ax)-log(ax+1)
• Substituting A for ax and B for ax+1

• k = log(B/A)

• b – slope of the density-k line

• b<1 – undercompensating
• b=1 – exact compensating
• b>1 – overcompensating

•Note – same idea applies to 
growth, fecundity or any measure 
of fitness. This is just an example 
using mortality. We will use k as 
our measure of competition.

Intraspecific competition in discrete breeding

• A = pop size at t=0
• B = pop size at t=1

• Ratio of # surviving, inverse of 
R

• Eg. 
– if R=1, population stable, A=B, 

slope=0
– As R increases, population 

growing, A<B, slope increases

• When Nt=K 
– R should be modified to 0

– = 1.0

N
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t +1

N
N

t

t +1
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Intraspecific competition in discrete breeding
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Modifying this equation:

To include modifications of 
population growth due to K, give 
you:

Simplifying [a=(R-1)/K]:
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Showing population increase is limited by 
intraspecific competition. 

Time Lags

• A problem with this model is that K 
(which is incorporated into a) is 
assessed along with Nt

• Biologically, we know that 
competition in time t is most likely 
to affect populations in time t+1

• Thus, we modify this to include a 
time lag
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Intensity of competition

• Recall
– b – slope of the density-k line
– b<1 – undercompensating
– b=1 – exact compensating
– b>1 – overcompensating

• Need to incorporate b into our 
model.

N
N R
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t

t
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+1 1( )

Chaos

• Populations do not realistically 
follow this model.

• Typical to have “good” and “bad” 
years due to other biotic and 
abiotic factors

• Model this as random variation in 
R

N
N R
aNt

t

t
b+ =

+1 1( )

SPREADSHEET EXAMPLE
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Patterns emerging from the model

• Modifying R (potential rate or population increase) and b (strength of 
intraspecific competition) yields 4 basic patterns of population size 
over time.

Incorporating Density dependent factors – Lotka-Volterra Model

dN
dt

rN=

dN
dt

rN
K
N

= -
�
��

�
��1

WRONG EQUATION

Real Population Deviations from Models

• Practical problems with assessing abundance (N)

– Distribution of organisms not even
• Assumptions of Immigration = Emigration
• Size differences and ontogenetic effects 
• Asymmetric competition
• Exploitative competition and preempting resources

• Models not spatially explicit
– Eg. Territorial species 

• asymmetric interference contest competition for limited space
• Number of acceptable territories determines population size
• Individual territory size determined by fitness tradeoff between cost 

of defending/maintaining territory and reproductive benefit


